In the past years, impulsive control for a single system and impulsive synchronization between two systems have been extensively studied. However, investigation on impulsive control and synchronization of complex networks has just started. In these studies, a network is continuously coupled, and then is synchronized by using impulsive control strategy. In this paper, a new and different coupled model is proposed, where the systems are coupled only at discrete instants through impulsive connections. Several criteria for synchronizing such kind of impulsively coupled complex dynamical systems are established. Two examples are also worked through for illustrating the main results.
Introduction
Impulsive phenomena widely exist in the real world. The mathematical model of an impulsive phenomenon is called an impulsive differential equation Lakshmikantham et al., 1989] . The most distinct character of impulsive differential systems is that it takes into account the effects of the instantaneous phenomena, such as population-growth models and maneuvers of spacecraft [Liu, 1994; Liu & Willms, 1996] , dynamical nerve cell networks [Gu et al., 1992] , etc. Studies show that impulsive differential models have been widely applied in many fields, such as space techniques, information science, control system, communication security [Khadra et al., 2003] , life science [Fu et al., 2005] , and so on.
Impulsive control strategy is very effective, robust and with low cost. The control input is implemented by the "sudden jumps" of some state variables at some instants. It needs only small control impulses and has rapid responsive velocity. In the past decades, impulsive control has been widely studied in stabilizing and synchronizing chaotic systems [Stojanovski et al., 1996; Yang & Chua, 1997; Yang, 2001; Xie et al., 2000; Li et al.., 2001; Sun & Zhang, 2003; Chen et al., 2004] . Guan et al. investigated the synchronization between two nonlinear systems by using the hybrid impulsive and switching control strategy [Guan et al., 2006] .
Synchronization of subsystems in a coupled dynamical network is very useful in practical applications, thus it has received a great deal of interest recently. For example, Sun et al. obtained some impulsive synchronization criteria for coupled chaotic systems via unidirectional coupling [Sun et al., 2004] , Li and Chen concluded that complex dynamical networks can be regarded as a big coupled system [Li & Chen, 2006] , Liu et al. discussed the robust impulsive synchronization of uncertain dynamical networks , Zhou et al. discussed the impulsive control of networks [Zhou et al., 2005] , and so on.
Previous studies on impulsive control and synchronization for coupled systems were based on continuous coupling. In practice, there are some systems, instead of being coupled with continuous connections, are only coupled by impulsive connections at instants, such as the species-food model in biology, the information transfer and exchange in ants, and the model of integrated circuit. Unlike other existing studies, the model proposed in this paper is coupled by impulsive connections. The coupled systems can reach synchronization by exchanging energy at instants. Sufficient conditions on synchronization of the impulsively coupled systems are presented. Numerical examples are also provided to verify the theoretical results and the effectiveness of the proposed synchronization scheme.
Description of the Model
Consider a network consisting of N identical nodes, in which each node is an m-dimensional dynamical system. The state equations are
. . .
where
, where I N ⊗A denotes the Kronecker product of matrices I N and A.
The impulsive coupling between systems are defined as follows. There is a connection (or impulsive coupling) between systems x i and x j if there is energy exchange at the impulsive instants t k (k = 1, 2, . . .), where
if there is a connection between node i and j (i = j); otherwise, g ij = g ji = 0. In this model, it is required that the coupling coefficients satisfy
Then the above defined model of impulsively coupled systems can be described by
. .
where B k is an m × m impulsive matrix. Thus (2) can be written as follows.
x i is the synchronization state of the impulsively coupled systems. 
The dynamical error dynamics of impulsively coupled systems (2) is     ė
The objective is to find a condition satisfied by matrices B k , G and the impulsive interval τ k , k = 1, 2, . . . , such that the solutions of (2) synchronize with each other, in the sense that
for all i, j = 1, 2, . . . , N. That is to say, if the trivial solution of system (4) is stable, the impulsively coupled systems (2) synchronize in the sense of (5).
Main Results
Since G is a real symmetric matrix satisfying
We have the following theorem: Theorem 1. Let λ max (P ) denote the maximal eigenvalue of P, and
then the trivial solution of system (4) is globally exponentially stable. That is, the impulsively coupled systems (2) synchronize in the sense of (5).
then α = 1 implies that the trivial solution of system (4) is stable and α > 1 implies that the trivial solution of system (4) is globally asymptotically stable. That is, the impulsively coupled systems (2) synchronize in the sense of (5).
Proof. Introduce a linear transformation
along with (4), then we get
Then y 1 = (u T 1 ⊗ I)e = (e 1 + e 2 + · · · + e N / √ N ) = 0 corresponds to the synchronizing manifold.
From Assumption 1 and the transformation, one has 2, . . . , N) . Thus
We can also obtain that
Therefore, the stability of the trivial solution of system (7) implies the stability of the trivial solution of system (4) for i ≥ 2.
For system (7), construct the following Lyapunov function,
Thus the time derivative of V along the trajectory of system (7) iṡ
which implies that
On the other hand, it follows from system (7) that
The following results come from (9) and (10). For t ∈ (t 0 , t 1 ],
which leads to
Therefore, we have the following results.
(i) If η < 0 and there exists a constant α(0
We can conclude that the trivial solution of system (7) is globally exponentially stable from the theories in Yang, 2001] . That is, y i → 0, i = 1, 2, . . . , N as t → ∞. Consequently, lim t→∞ e i (t) = 0, i = 1, 2, . . . , N, i.e. lim t→∞ x i (t) − x j (t) = 0, i, j = 1, 2, . . . , N.
(ii) If η ≥ 0 and there exists a constant α ≥ 1, such that ln(
which implies that the conclusion (ii) of Theorem 1 holds. This completes the proof.
Remark. Theorem 1 gives sufficient conditions for synchronization of the impulsively coupled systems. The result has its physical significance. It implies that the impulsive interval and the impulsive energy are related to the eigenvalues and eigenvectors of coupling matrix G. On the other hand, they are also affected by the eigenvalue of A and the Lipschitzian constant L for ϕ(x), which are respectively determined by the linear and the nonlinear parts of the dynamics. To achieve synchronization, we have to increase the impulsive frequency if we decrease the impulsive energy.
In practice, for convenience, the gain matrices B k are always selected as a constant matrix and the impulsive intervals τ k = t k − t k−1 (k = 1, 2, . . .) are set to be a positive constant. Thus we have the following corollary. as an example, we can derive another sufficient condition for synchronization. What is more, we have wider impulsive interval. The coupled model is thus described by
Let e 1 = x 1 −x 2 , e 2 = x 2 −x 3 , e 3 = x 3 −x 1 , then we have the following dynamical error dynamics:
And we have the following theorem:
Theorem 2. Let λ max (P ) denote the maximal eigenvalue of P, and
and there exists a constant α(0 ≤ α < −η), such that (12) is globally exponentially stable. That is, the impulsively coupled systems (11) synchronize in the sense of (5).
then the trivial solution of system
and there exists a constant α ≥ 1, such that
then α = 1 implies that the trivial solution of system (12) is stable and α > 1 implies that the trivial solution of system (12) is globally asymptotically stable. That is, the impulsively coupled systems (11) synchronize in the sense of (5).
Proof. Choose a Lyapunov function V (e 1 , e 2 , e 3 ) = e T 1 e 1 + e T 2 e 2 + e T 3 e 3 .
For t ∈ (t k−1 , t k ], k = 1, 2, . . . , the time derivative of V along the trajectory of system (12) iṡ V (e 1 (t), e 2 (t), e 3 (t))
On the other hand, we have
The remaining reasoning is similar to that of Theorem 1, so details are omitted. This completes the proof.
The following results easily follow from Theorem 2. (12) is globally asymptotically stable. That is, the impulsively coupled systems (11) synchronize in the sense of (5).
Numerical Simulations
To demonstrate the above-derived theoretical results, some typical chaotic systems are used as the dynamical nodes of the impulsively coupled systems. Here, we choose the typical Chua's circuit system and Lorenz system for illustrations.
Example 1. Consider the original Chua's circuit system described by Chua et al. [1986] :
where µ > 0, ν > 0, g(x) is a piecewise linear function given by g(x) = ax + (1/2)(b − a)(|x + 1| − |x − 1|), with b < a < 0. As is well known, Chua's circuit is a typical chaotic system, which exhibits very rich complex dynamical behaviors [Chua et al., 1993; Chua et al., 1996] , and has wide applications. The system has a double-scroll chaos attractor with µ = 10, ν = 14.97, a = −0.68, and b = −1.27. Rewrite system (13) intȯ
that is, the Lipschitzian constant L = µ|b| = 12.7.
First, consider the impulsively coupled network with three Chua's systems, which are coupled with bidirectional ring structure. Let Corollary 2, we obtain that the impulsive interval for synchronization should be less than 0.0778, while it should be less than 0.0055 from Theorem 1. In simulation, choose the impulsive interval τ = 0.015. Figures 1 and 2 display the synchronization errors of the impulsively coupled network with impulsive interval τ = 0.015
Next, we consider an impulsively coupled network with 20 nodes, the coupling structure is shown in Fig. 3 . Here, we set B k = diag(0.2, 0.2, 0.2), α = 1.001 and then β k = 0.8520. We derive from Theorem 1 that impulsive interval τ should be less than 0.00028315. Denote
as the whole synchronization error. Then r → 0 as t → ∞ implies the synchronization of the impulsively coupled systems in sense of (5). Here, we choose τ = 0.0002. Figure 4 shows r of system (1) for 20 Chua's systems without coupling, which indicates that there is no synchronization. Figure 5 displays r with 20 impulsively coupled Chua's systems. Figure 6 shows the first variable of the 20 synchronized Chua's systems. Figure 7 shows dynamics of the first node of the impulsively coupled systems after they reach synchronization.
Example 2. A single Lorenz system is described by We can obtain from [Li et al., 2005] that the bound of system (15) Consider the impulsively coupled network with three Lorenz systems and choose B = diag(0.4, 0.4, 0.4), α = 1.1, β = 0.04. From Corollary 2, the impulsive interval for synchronization should be less than 0.0293, and that from Theorem 1 should be less than 0.0153. Figure 8 shows the synchronized states with τ = 0.015. For the coupling structure shown by Fig. 3 , we derive from Theorem 1 that the impulsive interval τ should be less than 0.000091997 for B k = diag(0.2, 0.2, 0.2), α = 1.001 and β k = 0.8520. Figure 9 shows the entire error r of system (1) with 20 isolate Lorenz systems for τ = 0.00009. Figure 10 shows the entire error of 20 impulsively coupled Lorenz systems.
Conclusions
Unlike other existing works, in this paper, we have discussed the synchronization of multi-systems, which are coupled by impulsive connections only at discrete instants. We have derived sufficient conditions for synchronizing coupled systems with a given coupling structure. We have also obtained sufficient conditions for synchronizing three systems which are impulsively coupled with the bidirectional ring structure. The typical Chua's circuit and the Lorenz system are taken as illustrative examples to confirm the theoretical results. These results can be applied to other systems.
